Proceedings of the Institute of Mathematics and Mechanics, 
National Academy of Sciences of Azerbaijan 
Volume 45, Number 2, 2019, Pages 213-221 
https://doi.Org/10.29228/proc.5 


ON EIGENVALUES OF A BOUNDARY VALUE PROBLEM FOR 
A SECOND ORDER ELLIPTIC DIFFERENTIAL-OPERATOR 

EQUATION 

BAHRAM A. ALIEV 


Abstract. In a separable Hilbert space H , we study the asymptotic be¬ 
havior of eigenvalues of a boundary value problem for a second order el¬ 
liptic differential-operator equation in the case when one, and the same, 
spectral parameter participates linearly in the equation and quadrati- 
cally in the boundary conditions. Asymptotic formulas are obtained for 
eigenvalues of the considered boundary value problems, one of the series 
converges to zero. 


1. Introduction 

In this paper, in a separable Hilbert space H, we study the asymptotic behavior 
of the eigenvalues of the following boundary value problem for a second order 
elliptic differential -operator equation 

— u" (x) + Au(x ) = A u(x), x € (0,1), (1.1) 

u (0) + AVO) = 0, 

( 12 ) 

i/(l) - A 2 «(l) = 0, 

where A is a spectral parameter, A is a self-adjoint, positive-definite operator in 
H and the inverse operator A -1 is completely continuous in H . It is proved that 
the eigenvalues of the boundary value problem (1.1), (1.2) are real and simple. 
Then, it is shown that problem (1.1), (1.2) has three series of eigenvalues, one 
of which converges to zero, and the other two ones asymptotically behave as 
(2n) 2 7T 2 + Hk and (2 n — l) 2 7r 2 + /j^, where fik = Hk(A) are the eigenvalues of the 
operator A. 

Asymptotic behavior of the eigenvalues of boundary value problems for the 
equation (1.1) with the boundary conditions 

u'(0) + Au(0) = 0,u(l) = 0, (1.3) 

was studied in the papers [8], [12], while with boundary conditions 

u'{ 0) + Au(0) = 0, u' (1) - Au(l) = 0, (1.4) 
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in [1], where it was proved that a set of the eigenvalues of boundary value problems 
(1.1), (1.3) and (1.1), (1-4) is discrete and has two series of eigenvalues: A& y/Vk, 
A k, n ~ Tk + n 2 TT 2 . k, n £ N. 

The similar issue was studied in [2] for equation (1.1) with boundary conditions 
of the form 

v! (0) + dA 2 w(0) = 0, -u(l) = 0, (1.5) 

where d is some positive number. Peculiarity of boundary value problem (1.1), 
(1.5) is that this problem has two series of eigenvalues, one which converges to 
zero, i.e., for boundary value problem (1.1), (1.5) the classical case is violated. 

In [13], it is shown that for the squared Laplace equation, there exists a spectral 
problem with a nonclassical asymptotics, i.e., the problem under consideration, 
in which one of the boundary conditions contains a differential operator, has a 
sequence of eigenvalues converging to zero. 

The asymptotic behavior of the eigenvalues of boundary value problems for sec¬ 
ond order differential-operator equation when, unlike the papers [8], [12], [1], [2], 
one, and the same, parameter enters quadratically into the equation and linearly 
into the boundary conditions, was studied in [3], [4], [5]. 

In [6],[7], in a Hilbert space, the solvability of boundary value problems was 
studied for elliptic differential- operator equations with a spectral parameter in 
the equation and in the boundary conditions. Note that, in these papers, the 
boundary conditions, in addition to a spectral parameter, contain linear operators 
as well. 

Boundary value problems with a spectral parameter in the equation and in 
the boundary conditions for second order ordinary differential equations, in con¬ 
trast to boundary value problems for second order elliptic differential-operator 
equations, have been studied in different aspects and deeper. Note some of them. 

In [9], [10], a boundary value problem for a second order ordinary differential 
equation is considered in the case when one, and the same, spectral parameter 
A linearly participates in the equation and quadratically in one of the bound¬ 
ary conditions. In particular, the asymptotic behavior of the eigenvalues of the 
considered boundary value problems was studied. 

In [11], a boundary value problem for a second order ordinary differential equa¬ 
tion is considered when one, and the same, spectral parameter A quadratically 
participates in the equation, while in the boundary conditions it appears as a 
quadratic trinomial (with respect to A). In particular, the asymptotic behavior 
of eigenvalues of the considered boundary value problems is studied. 

In [14], a spectral problem for ordinary differential equations with a quadratic 
spectral parameter in the equation and in the boundary conditions is considered, 
where it is proved that the spectrum of the considered boundary value problems 
is discrete and the system of root functions is two fold complete in certain spaces. 

2. Some properties of eigenvalues 

Lemma 2.1. The eigenvalues of boundary value problem (1.1), (1.2) are real. 

Proof. Denote the eigenvectors of the operator A. that correspond to the eigen¬ 
values Hk, by ipki k € IV. It is known, that the system {<£*.} forms a com¬ 
plete orthonormal basis in the space H. Then, from the expansion u(x) = 
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oo 

Y (u(x), ^p k ) H ^p k , f° r the Fourier coefficients u k (x) = (u(x), f k )n^ we § e ^ the 
k=\ 

following spectral problem: 

4 (x) + HkU k (x) = Xu k (x), x € ( 0 , 1 ), ( 2 . 1 ) 


4(0) + A 2 u k (0) — 0, 

4(1) - A\(l) = 0, (2.2) 

Thus, the study of eigenvalues of boundary value problem (1.1), (1.2) is reduced 
to the study of eigenvalues of boundary value problem (2.1), (2.2), for various 
natural k. The spectrum of boundary value problem (1.1), (1.2) consists of those 
A for which problem (2.1), (2.2) has a nontrivial solution u k (x), at least for one 
k. The number A = fi k cannot be an eigenvalue of problem (2.1), (2.2), as in this 
case this problem has only a trivial solution. 

Let A be an eigenvalue of boundary value problem (2.1), (2.2) and u k (x, A) be 
the corresponding eigenfunction. Multiplying the both sides of equality (2.1) by 
the function u k (x, A) and integrating the obtained identity with respect to x from 
0 to 1, we have: 


i fl i 

— j u'l {x, A) u k (x, X)dx + fik J \uk (x, A)| 2 dx = A J \uk (x, \)\ 2 dx. (2.3) 
0 0 0 

Calculating the frist integral by parts and using boundary conditions (2.2), we 
get: 

/ U ' 1 (x ' A) ^ Y)dx = (x ' x) l '°-1 ui (x ’ A) ^ Y)dx = 


= u k (1, A )u k (1, A) - u k (0, A) u’ k (0, A) - J \u' k (x, A)| dx = 

o 

l 

= A 2 u k (1, A )u k (1, A) + A 2 u k (0, A )u k (0, A) - J \u' k (x, A)| 2 dx = 

o 

l 

= A 2 (\u k (1, A)| 2 + l^fc (0, A)| 2 ) - J |4 (x, A)| 2 dx. 

o 

Hence, from (2.3), it follows: 


A 2 (jtifc (0, A)| 2 + \u k (1, A)| 2 ^ + A J \u k (x, A)| 2 dx— 

o 


l 

J |4 (x, X)\ 2 dx - n k 


| u k (x, A)| 2 dx = 0. 


(2.4) 


o 


o 
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Denote: 

i 

afc(A) = \u k (0, A)| 2 + \u k (1, A)| 2 , b k ( A) = f \u k (x,\)\ 2 dx, 

o (2.5) 

Cfc(A) = - / |it , fe (x,A)| dx — Hh / |itfc (x,A)| 2 dx. 

JO JO 

In these notation, from (2.5), it follows that the eigenvalue A is a root of the 
equation 

a k (X)z 2 + b k (\)z + Cfc(A) = 0, (2.6) 

for every k. As a k { A) > 0, b k ( A) > 0, Cfc(A) < 0, for any k 6 IV, then b\ (A) — 
4a?;(A)cfc(A) > 0. Consequently, for every k, the problem (2.1),(2.2) has only real 
A roots. Lemma 2.1 is proved. □ 

Lemma 2.2. The eigenvalues of boundary value problem (1.1), (1.2) are prime. 

As was noted, the problem (1.1), (1.2) is reduced to the study of spectral problem 
(2.1), (2.2), for every k. The similar lemma for boundary value problems of the 
form (2.1), (2.2) was proved in [11]. Therefore we omit the proof of Lemma 2.2. 

Lemma 2.3. The number A = 0 is not an eigenvalue of the boundary value 
problem (1.1), (1.2). 

Proof. It is sufficient to prove that boundary value problem (2.1), (2.2), for A = 0, 
i.e., the problem 

-u k (x) + fi k u k {x) = 0, x € (0,1), (2.7) 

4(0) = 0, 4(1) = 0, (2.8) 

for every natural k, has only a trivial solution. The general solution of equation 
(2.7) has the form 

u k (x) = cie~ x ^ + C 2 e -(1-3; )^, (2.9) 

where c,;, i = 1,2 are arbitrary constants. Taking (2.9) into account in (2.8), we 
get a system with respect to a, whose determinant has the form 

D = n k [e~ 2 ^ - l) . 

Obviously, for every k, D 0. Hence, it follows that for any k, the function 
u k (x), determined by formula (2.9), is identically equal to zero, i.e., A = 0 is 
not an eigenvalue of boundary value problem (2.1), (2.2), or of boundary value 
problem (1.1), (1.2). Lemma 2.3 is proved. □ 

3. Asymptotic formulas for eigenvalues 

Theorem 3.1. Let A be a self-adjoint, positive-definite operator in a separable 
Hilbert space H and A -1 be completely continuous in H. 

Then boundary value problem (1.1), (1.2) has three series of eigenvalues: a[,' ^ -A 
0 as k ->• oo and AJ^ = n k + 7 „, \ y k ’ n = /a k + 5 n , k, n £ N, where pL k = n k {A) —> 
+oo are the eigenvalues of the operator A, j n (2 n - 1) 2 7t 2 , S n ~ (2n) 2 7r 2 as 
n -> oo. 
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Proof. The general solution of ordinary differential equation (2.1) is of the form 

u k (x, A) = cie~ x ' / >^ + (3.1) 

where Cj, * = 1,2 are arbitrary constants. Taking (3.1) into account in boundary 
conditions (2.2), we get a system with respects to q , i = 1, 2, whose determinant 
has the form 

D (A) = (A 2 + vW - A) 2 e- 2 ^ 1 - (A 2 - vVfc - A) ' • 

Thus, the eigenvalues of boundary value problem (2.1), (2.2) and, therefore, of 
boundary value problem (1.1), (1.2), are zeros of the equation D (A) = 0 (with 
respect to A, A ^ Hk ) at least for one k: 

(A 2 + vVfc - a)V 2 ^^ - (A 2 - vVfc - A)" = 0. (3.2) 

Write equation (3.2) in the form of a system of equations 

^A 2 + y/Hk — A^j e ^ + ^A“ — \]nu ~ A^ = 0, (3-3) 


(a 2 + vV - a) - (a 2 - y/fi k - a) = 0. (3.4) 

Thus, the eigenvalues of the boundary value problem (2.1), (2.2) consist of those 
real A / /i k . that at least for one k, satisfy at least one of the equations, (3.3) or 
(3.4). 

Rewrite the system (3.3), (3.4) in the form. 


A 2 ch - A^ - y/nk~ A sh (^V hk ~ 

X 2 sh Q\//Xfc - A^ - yfnk~-\ch Q\//Xfc - A^ 


= 0, 

(3.5) 

= 0. 

(3.6) 


First, study equation (3.5). Find those eigenvalues A, for which X < y k . We will 
consider the cases A < 0 and 0 < A < y k separately. Assume V/T — A = y. Hence 
A = Pk ~ y 2 , A 2 = (/jfc — y 2 ) 2 . If A < 0 then < y < +oo. Then equation 
(3.5) takes the form 


{yk ~ V 2 ) 2 ch . (!) - ysh = 0, yjfxi < y < +oo. (3.7) 

Equation (3.7) is equivalent to the equation 

(/be — y 2 ) 2 ~ yth (|) = 0, < y < Too. (3.8) 

Equation (3.8) is equivalent to the equation 

(: y 2 - Hk) - \jyth (!) = 0, y/JT k <y < Too. 

Let us consider the function f k (y) = (y 2 — y k ) ~ \Jyth (|), y G (y/Pk, Too). 
The derivative 


fk(y) = 2 v 


1 _ shy T y 

2yjyth(%) 2 c/i 2 (l) 


4y/2 yyjyshych (f) - shy - y 
Isjlyjyshych (|) 
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for y G (y/]W, + oo). Obviously, for any y > y/Jlk , 


Indeed, for any y > y/JIk , 

4\/2y \Jyshych - shy - y = shy Ay'2y yj^-ch 


v ) — 1 


y = 


= shy 




-y > shy 




- shy = 


= 2 shy 



Without loss of generality we suppose that for any k, w- > 1. It is clear if y > 1, 
then the inequality cth (|) > i s true. From here we have if y > 1, it follows 

that 2 ?/2 y /cth (|) — 1 > 0. This, if show that if, y G (y/Jtk, +oo) then f' k (y) > 0. 

So, /fc(y) strongly monotonically increases on [yfjlk, +oo) for every k. 

Taking into account that, for any k, 


fk(Viik) = Ihn f k (y) 

V *y/ S l k 



and 



< 0. 


/fc(+oo) = lim fk(y) 

y—>•+oo 


lim 


y —>-+oo 



hk) 



(• y 2 - hk ) 2 - yth (|) 
(y 2 - Hk) + \Jyth (| 



we conclude, that in the interval (y/y k , + 00 ) > the function f k (y) has exactly 
one zero y k . Show that the zeros y k , as k -A oo, asymptotically behave as y/Jik- 
Indeed, for sufficiently small e > 0, the relation 


\/Wfc + £ 4" £ 


_ 2ey/JIk + £ 2 _ / ^ f h ( ^^ £ ^ 

£ y £ V 2 / 

as k —>• +oo, tends to 2e > 0. Consequently, beginning with some k, the value 
fk (y'Jhk + e) > 0. On the other hand, for any k, fkiy/T^k) < 0. Thus, y k lies 
between and yfyk + £ . By arbitrariness of e, we have the equivalence 

yk ~ y/m, as k — > oo. Hence, from the equality y/nk — A = y, for the eigenvalues 
of the boundary value problem (2.1), (2.2), satisfying the condition A < 0, we get 
the following asymptotic relation: A^ -A 0, as k — > oo. 
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Now, let as consider the case when 0 < A < Hk- In this case, equation (3.5) is 
studied in the same way as in the case of A < 0. After substitution of \fjlk — A = y 
(0 < y < y/Jik)-, equation (3.5) takes the from 

(r - V 2 ) 2 ch - ysh (|) = 0, 0 < y < ^R, (3.9) 

or 

(Pk - y 2 ) - \Jyth (!) =0, 0 < y < Vr. 

Let us consider the function i^' k {y) = (r — y 2 ) — \Jyth (|), y € (0, yjjik)- Then 
the derivative 


Vi(y) = - 2 y- 


shy + y 


l\Jyth (|) 2c/l2 (l) 


< 0 


for y 6 (0,1/r). So, ipkiy) strictly monotonically decreases on (0, y/jlk), for 
every k. Taking into account that, for any k, 


V’fc(O) = = ^hm_ ^(r - y 2 ) ~ \jyth (|= R > 0 

Vt (x/R) = lim 4>k{y) = ~\ \Tpkth ( 

V ^ y/J^k y \ " , 


and 


we conclude, that in the interval (0, v / r) , the function ipk(y) has exactly one zero 
y k • Show that the zeros y k , as k —> oo, asymptotically behave as y/~Pk- Indeed, 
for sufficiently small e > 0, the relation 


Vt ( y/Pk ~ e) 
yj £ 


- (VR - A ) 2 - 


y/T^k & 


= 2£ ^~ g2 -,/ 1 

>/R ^ y \/R £ V 2 / 

as A; —» oo, tends to 2e > 0. Consequently, beginning with some k, the value 
V’fc (v/R — e) >0. On the other hand, for any k, as shown above, V’fc (\/r) < 0. 

Thus, yk lies between and y^, starting with some k . By arbitrariness 

of e we have the equivalence y k ~ -^/r as k —l oo. Hence, from the equality 
\/r — A = y, for the eigenvalues of the boundary value problem (2.1),(2.2), 
satisfying the condition 0 < A < r, we get the following asymptotic relation: 
a[.' f —> 0 as k —> oo. Thus, for —oo < A < r, problem (2.1),(2.2) has one series 
of eigenvalues convergent to zero. 

Now, we find those eigenvalues A for which A > r. Substitute in equation 
(3.5) y/X — r = z (0 < z < Too). Then it takes the form 

(z 2 T Pk) 2 cos T zsin =0, z G (0, Too). (3.10) 

Let z A (2n — l)7r, n e N. In this case, equation (3.10) is equivalent to the 
equation 

(z 2 T r) 2 T ztg ^0 = 0, z G (0, Too), z / (2n - 1) 7r, n £ N. (3.11) 
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Let us consider the function 

Vk(z) = {z 2 + Hkf + ztg (|) , 2 G (0,+oo), 2 / (2n - l)7r, n G IV 

Since in each interval ((2 n — l)7r, (2 n + l)i r), n G N, the function (p k (z ) takes 
the values from —00 to + 00 , and its derivative 

, . . , , 9 . siri2 + 2 

= + 2cos 2 (i) > «• 

then, in it, for every k, the function <pk(z) has only one zero z k ,n- (2 n — 1 ) 7 r < 
Zk,n < (2n + l)7r, n G N. Find, for every k G N, asymptotic formulas for Zk, n , 
as n —> 00 . From (3.11), we have 

,2 


tg 


z\ _ (iik + z 2 )‘ 


2 ; 


2 G (0, + 00 ), 2 / (2n — l)7r, n G IV. 


^ = \/f 


Denote qk(z) = ^ g (0, + 00 ) . Obviously, for every k, qk{z) < 0 

and q' k (z) = —^2, < 0. The points 

are critical points of the function Qk(z) . If z k > then, q' k (z ) < 0 ; if 

0 < Zk < then q' k {z) > 0, i.e., the function qk{z) increases in the interval 

(0,^f) and decreases in the interval + 00 ^ , for every k. So, qk{z) is 

a negative, strictly upward convex function, for every k. Moreover lim qk(z) = 

z—>0+ 

—00 and lim qk(z) = — 00 . Obviously, the points z kn are the abscissas of the 

Z—>•+OO 

intersection points of the function qk(z) and the brunches of the function tg §. 
By increasing n and k, the point Zk, n will approach to the point (2 n — 1) ir, i.e., 
Zk,n ~ (2n — 1) 7T. Hence, from the equality \J\ — gk = 2 , for the eigenvalues of 
the boundary value problem (2.1), (2.2), satisfying condition A > we get the 
asymptotic formula: \ kn ~ //& + (2n — l) 2 7r 2 . 

Studying equation (3.6), as equation (3.5), we can easily show that in this case 
the problem (2.1), (2.2) has also two series of eigenvalues, one of which converges 

to zero and the second one behaves as ~ /ifc + (2n) 2 7r 2 . Theorem 3.1 is 
proved. □ 

Remark. The equation similar to equation (3.6) was studied in [2], 
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